Summary. Classes of motion of general multiresonant systems are derived through a geometrical algorithm based on a set representation. First, the elementary classes existing under simple resonance conditions are evaluated; rules governing the interaction between elementary classes belonging to different resonance conditions are then drawn up as applications of a unique theorem. Illustrative examples are given. The method also permits a hierarchical ordering of the amplitudes of the resonant modes, according to their participation in the classes; it also makes it possible to ascertain in advance the existence of a standard form for the amplitude modulation equations. The stability analysis of incomplete steady solutions is then addressed. Three classes of perturbation are distinguished, namely: in-class perturbations, out-of-class resonant perturbations, and out-of-class nonresonant perturbations. The structure of the Jacobian variational matrix is studied. The Jacobian matrix is shown to comprise three diagonal blocks associated with the three perturbation classes, so that the stability equations are uncoupled. Further possible uncouplings of one of the blocks are analyzed in relation to some of the geometrical properties of the classes.
Introduction
The problem of evaluating all the classes of motion of a multiresonant system on the basis of knowledge of the resonance conditions only (i.e., before deriving the Amplitude Modulation Equations, AMEs) is addressed in Part I of this paper [1] . There, an algebraic method (the Resonance Coefficient Method, RCM) is illustrated to achieve the goal. Here, an alternative geometrical approach (the Class Diagram Method, CDM) is presented.
Although the RCM is an efficient tool to solve the problem, the CDM presents new features that make its application useful. It consists in representing the classes as sets of the space of the amplitudes. Each resonance condition entails the existence of elementary classes which are represented as a collection of sets, called families of classes. When two or more families interact (i.e., when two or more resonance conditions exist) some of the classes survive, others disappear and others merge to form a new family. The rules governing these interactions are found to descend from a unique theorem, which is proved here. The diagrams obtained provide a very comprehensive representation of all the existing classes; they also make it possible to evaluate the amplitudes that contribute most to the motion, as well as to ascertain if conditions occur for the existence of a standard form of the amplitude equations, according to a previous paper by the authors [2] .
The stability problem is also addressed and the structure of the variational equations governing their stability is analyzed. It is shown that the Jacobian matrix is block-diagonal, each block being associated with a different class of perturbation, namely: in-class, resonant out-ofclass and non-resonant out-of-class perturbations. Further uncouplings of one of these blocks are revealed by the way the classes of motion are nested in the diagram.
Classes of motion
The problem of evaluating classes of motion is posed and some definitions are formally given. Elementary and multiple classes are then studied.
Statement of the problem and definitions
A multiresonant (continuous or discrete) nonlinear system is given, in which N natural frequencies x n and (possibly) a forcing frequency x 0 are involved in S resonance conditions
where N þ ¼ f0; 1; . . . ; Ng and small detunings have been neglected. Among Eqs.
(1), R :¼ rank½k sn are independent equations, while the remaining Q :¼ S À R are linear combinations of the former. The nonlinear asymptotic behavior of the system is described by the evolution in time of N complex quantities A n ðtÞ; these are the amplitudes of the N interacting linear modes of frequencies x n . If the system is forced, the AMEs also depend on the amplitude A 0 of the excitation. The evolution is governed by the so-called Amplitude Modulation Equations (AMEs), as, e.g., furnished by the Multiple Scale Method (MSM). These equations, whose structure has been studied in depth in [1], admit solutions in which only one subset of amplitudes is different from zero, while the remaining amplitudes identically vanish. Such solutions have been named (incomplete) classes of motion, or M-(modal) classes, i.e., classes in which only M-amplitudes contribute to the evolution. The question analyzed here consists in evaluating all the classes of motion, without deriving the AMEs in advance, simply by using Eqs. (1). An algebraic method to address the problem is illustrated in [1] (Resonance Coefficient Method, RCM); here, a geometrical approach is followed instead, based on a set representation of the classes. Some definitions are preliminarily given.
The set S :¼ fA n jn 2 N þ g of all the amplitudes involved in the S resonances (1) is called the state-space of the dynamical system A 0 m ¼ L m ðSÞ (AMEs). The set S S S of the amplitudes A n associated with the frequencies x n involved in the s-th resonance is called the elementary s-th space, or the s-th resonance space; by remembering Eqs. (1) it is S S :¼ fA n jk sn 6 ¼ 0g. A set C ¼ fA i ; i 2 M :¼ fi 1 ; i 2 ; . . . ; i M gg is an M-class of motion for the system if it is an invariant subspace of S; this property holds if and only if L j ðSÞ 0 8j = 2 M, for any A i 2 C. If the forcing amplitude A 0 2 S, then necessarily A 0 2 C, since it cannot vanish. As particular cases, the null set f0g and the state space S are classes of motion, containing no components or all the components, respectively. The classes of motion admitted by the s-th resonance (i.e., as invariant subspaces of S S ) are called the elementary classes of motion C S 1 , C S 2 , . . . of the s-th resonance. The set of all the elementary classes of motion C S i is called the family of classes of motion of the s-th resonance F s :¼ fC S 1 ; C S 2 ; . . .g; the family contains the null-set. The classes
